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Abstract Keywords

The paper deals with the formulation of a mathe- Modeling, oscillations, hydroelastic-
matical model to study a dynamics interaction of a ity, three-layered plate, compressi-
three-layered channel wall with a pulsating viscous ble core, viscous liquid
fluid layer in a channel. The narrow channel

formed by two parallel walls was considered. The

lower channel wall was a three-layered plate with a

compressible core, and the upper one was absolute-

ly rigid. The face sheets of the three-layered plate

satisfied Kirchhoff’s hypotheses. The plate core was

considered rigid taking into account its compres-

sion in the transverse direction. Plate deformations

were assumed to be small. The continuity condi-

tions of displacements are satisfied at the layers’

boundaries of the three-layered plate. The oscilla-

tions of the three-layered channel wall occurred

under the action of a given law of pressure pulsa-

tion at the channel edges. The dynamics of the

viscous incompressible fluid layer within the

framework of a creeping motion was considered.

The formulated mathematical model consisted

of the dynamics equations of the three-layered plate

with compressible core, Navier — Stokes equations,

and the continuity equation. The boundary condi-

tions of the model were the conditions at the plate

edges, the no-slip conditions at the channel walls

and the conditions for pressure at the channel edg-

es. The steady-state harmonic oscillations were

investigated and longitudinal displacements and

deflections of the plate face sheets were determined.
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Frequency-dependent distribution functions of

amplitudes of plate layers displacements were in-

troduced. These functions allow us to investigate

the dynamic response of the channel wall and the

fluid pressure change in the channel. The elaborat-

ed model can be used for the evolution of non-

destructive testing of elastic three-layered elements

contacting with a viscous fluid layer and being part

of the lubrication, damping or cooling systems of Received 16.04.2019
modern instruments and units © Author(s), 2019
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Introduction. Modeling the interaction of elastic elements of structures with a
fluid is of great importance for the development of instrument making. For
example, in one of the first papers [1], in which free vibrations of a circular plate
in contact with water were considered, its author H. Lamb noted that this study is
extremely important for transmitting signals underwater. Using Rayleigh strain-
energy method, he obtained expressions for the plate’s oscillation frequencies.
Further development of this issue was carried out in [2] based on of the
formulation and solution of the hydroelasticity problem in joint consideration of
the equations of motion of an elastic element and fluid. In these works, autors
relied on the contact of one plate surface with an unlimited volume of an ideal
incompressible fluid, and it was shown that oscillation is damped due to the
conversion of energy to wave formation in a liquid, and the effect of increasing
inertia, estimated by the added mass, is observed, resulting in a decrease in
vibration frequencies. Further studies on this issue are aimed at studying the
influence of related factors. For example, the study of the attached masses of a
fluid, which take into account its inertial properties, with oscillations of plates of
different shapes and with various methods of their fixing was performed in [3].
In [4], free vibrations of a circular plate on the free surface of an ideal non-
compressible fluid, the volume of which is limited by a rigid cylindrical wall and
bottom, were investigated. A similar problem with the immersion of a plate
under the free surface of an ideal fluid was considered in [5]. The problem of
chaotic oscillations of a plate that is in contact on both sides with the flow of an
ideal fluid is considered in [6]. Mathematical models for the study of the
dynamics of elastic elements of pressure sensors and vibration devices based on
the formulation of the problem of hydroelasticity of a plate interacting with an
ideal fluid were considered in [7, 8]. In [9], a model was proposed for
determining the width of the contact zone between solid surfaces and a thin-
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walled cooling channel, having a flat-oval section, when it is hydroelastic
deformed under the influence of internal static pressure.

At the same time, studies of vibrations of elastic elements of structures
interacting with a viscous fluid are extremely important, since viscosity
determines the damping properties in an oscillatory system. For example,
in [10, 11], the interaction of a viscous fluid with the structural elements of
gyroscopic devices was considered and the effect of this interaction on the
vibration resistance and accuracy of devices was shown. In [12], the study [1] was
generalized for the case of taking into account the viscosity of the fluid.
Hydroelastic vibrations of the elastic elements of the vibratory machine
interacting with a layer of a viscous fluid are considered in [13]. The problem of
oscillations of a cantilever-fixed beam immersed in an unlimited volume of a
viscous fluid was solved in [14]. A similar problem for a piezoelectric beam in a
viscous fluid flow was studied in [15]. The transverse oscillations of two coaxial
disks interacting with a layer of a viscous incompressible fluid between them are
studied in [16].

In connection with the development of aerospace technology, the three-
layered structural elements in the form of beams and plates are becoming more
widely used in modern aggregate instrument making. These elements have the
necessary rigidity and low weight, and protect against aggressive -effects
(temperature, radiation, etc.). Approaches to the study of their statics and
dynamics are well developed and presented, for example, in the review part of the
monograph [17]. However, studies on the simulation of their oscillations in the
interaction with the liquid are not enough. The oscillations of composite plates
interacting with an ideal liquid were investigated in [18]. In [19-22], vibrations
of three-layered beams and plates prossessing an incompressible core and
interacting with a viscous fluid were studied. In this paper, a mathematical model
is proposed for studying the longitudinal and bending vibrations of a three-
layered channel wall having a compressible core and interacting with a pulsating
layer of viscous fluid, taking into account normal and tangential stresses on
its side.

Formulation of the problem. Consider a narrow channel formed by two
paralle] walls, the bottom wall of which is a three-layered plate with compressible
filler (Figure). The plate is simply supported on the ends, the thickness of its
outer bearing layers are h1 and h;, the thickness of the core is 2c. We (or let us)
associate the Cartesian coordinate system xyz with the middle plane of the core in
the undisturbed state. The upper wall of the channel is rigid. We assume the size
of the channel in terms of 2/ x b and assume b > 2I, that is, we consider the
plane problem. The distance between the channel walls in the undisturbed state is
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ho and 21 > ho. The channel is filled with a viscous incompressible fluid, the
pressure in which pulses due to the harmonic law of pressure pulsation given at
the ends p = po + pmsin (wt). Here po is constantly pressure level, p, is amplitude
of pressure pulsation, ® is frequency, ¢ is time. The elastic movement of the plate
is much less than ho. We investigate the steady-state oscillations since the
viscosity of the fluid cause’s considerable frictional forces in the channel, which
leads to a rapid decay of transients.

< ’7&)7‘ / 2 / ’7g;7'

A narrow channel, the bottom wall of which is a three-layered plate:

1, 2 are upper and lower bearing layers; 3 is core

The plate consists of upper and lower bearing layers, which perceive the
main loads, and core, ensuring their joint work as a single package. We assume
[17] that the bearing layers are isotropic, incompressible in the transverse
direction, and satisfy the Kirchhoff conjectures. The core is considered hard
given its compression, the exact relations of the theory of elasticity hold for it,
and the dependence of the displacements of its points on the transverse
coordinate z appears linear. The deformations are assumed to be small, and at the
boundaries of the layers of the plate, the conditions for the continuity of their
displacements are satisfied. For the above assumptions, the stress-deformable
state of the plate is fully described by the longitudinal displacements and
deflections of the middle planes of its bearing layers, and the equations of its
dynamics are as follows [17]:

82141 82u2 8w1
E+aqu —ayuy—ay 2 —as 2 +ap 5 +
X X X
owy 83W1 63W2
+as ox —206 ax3 +ay ax3 ={qzx> (1)
52141 82142 awl
B —aju +ayup; —as 2 —dg 2 —a3 po
X v X
ow w Pw
—a 2—a6 1+2a7 2:0,
Ox ox? ox3
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Ou, Ay Ou, 0%wy 0*w,
F3—a17—+a10—+2a6 3 +de 3 +diq > —aj > +
ox ox ox ox
04wy o*w, 1, 0qz
+ a5 ——~—2d16 2 +ag Wy —agwy =qz +—h ——;
ox ox 2 ox
6111 51/!2 831/!1 83112 82W1 5‘2w2
FBy—aig—+a9———a7———2a; ———an——tauu—— -~
O0x ox ox Ox ox
64W1 84W2
—die 1 + a3 1 —ag wy +ag wy =0.
ox ox

Here w1 and uy are the elastic longitudinal displacements of the upper and
lower bearing layers of the plate, wi and w; are the deflections of the upper and
lower bearing layers of the plate, gz, gz« are the normal and shear stresses

acting on the upper supporting layer of the plate from the liquid side, these

stresses are written as
Ou, Ouy

+
ox 0z

qzx:—pv( jatz:c+h1+wl;

(2)

0
Qzz :—p+2pv% at z=c+h +w,
Z

where p, v are the density and kinematic viscosity of a fluid, uy, u. are the
projections of the velocity vector of the fluid on the coordinate axes, p is the fluid

pressure, px is the material density of the k-th plate layer, Gx, Kx are the shear and

volume strain moduli of the k-th plate layer, K; =K+ %Gk,

4
Ki =Ky — EG"'

In addition, the following notation has been introduced:

2G 3 3
a1=—3; az =2G3(1+ﬂ]—1<73; a3=2G3[1+h—2J+K—3;

c 2¢ 2¢ 2
2K5c Kic Kich Kichy
as = Ki hy + 3. gs=—3 . gg=—2 D ay = — ;
4 1 m 5 3 6 p 7 p
K3 2Kjc Gs3 h K3
ag = —=; a9 = K hy + s A =— |1+ — |+ —;
$ T T T 2c) 2

a =
11 2 2

b

K3 Iy Gsc ( h jz Gsc
1+— | — p

2¢
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= Kg(hl +h2) + Gac (1+£](1+ h—zJ—%;

a
2 4 2 2¢ 2¢) 6
2
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a3 = + ; aig = -— |1+t = ——;
12 6 2 2 2¢ 6
Kb Kich? Kichh K5
a5 =——L+=2 1;1116=3—21; a17=§ 1+£ -
12 6 12 2 2¢ 2
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2 2¢ 2 2 2¢ 2
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my Uy +mgiy + 2 ms —— —my; ——
kK = 62( 1 Uy +mguip 5 7 o
02 ow ow,
E = (m U +mouy +m —2m ;
) 8 Uy +mouy +ms o -
02 ouy ouy 0%wy 0*w,
= 2ms ZE s 2y wy + mgwy —m +m ;
B ot? ( > ox > ox B MR AP ® o2
62 6141 8142 62w1 82W2
F4 :y( 7E+2m7§+m8W1+m2W2+m6 axz — My axz 5
2 2 pLh  pschi
m =p1h+=p3c; my =prhy+—psc; mz= + 5
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3 2 ch
my = P22 3y - P
12 6 6
p3chyhy pschy p3c
Mmeg =——3 My = y mg = ——.
12 6 3
The boundary conditions of equations (1) are
0 02
e 9%k 0 at x=+1, k=1,2. 3)

w
k- ox  ox2

In narrow channels and slots for modeling the dynamics of a viscous fluid,
creeping motion [23] can be considered and the equations of motion of the fluid
can be written as

la_p:\/ %4_% . lﬁ_p:\; 821424-82”2 5 aux +5uz :O (4)
oxt 02 ) poz ox? ozr ) ox oz '

p Ox
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Equations (4) are supplemented by the boundary conditions of fluid
adhesion on an absolutely solid wall and the upper bearing layer of the plate

Uy =0, u, =0 at z=c + hy + hy,
_Owm 0w (5)

= s, Uy =——at z=c+ h +wy,
ot ot
and boundary conditions of coincidence of pressure in a fluid with a given

pressure in the end sections of the channel
p=po+p atx==I. (6)

Determination of the dynamic response of the three-layer channel wall.
We introduce the following dimensionless variables:

t=ot, E=2, (=0, Uy = win 0— U,

X z—c—h [
l I’l() hO

. PVWILe [
U, =wimoUe, p=p + —
2= Hm B hy kW

P, (7)

and given the equations (5) and boundary conditions (6), (7), we obtain

OP _(ho jz 0*Ug Uy

b

& \1) e a2
2 2 32 2
a_Pz(h_Oj (h_OJ O°Ug Uy | -
oc \1 1) og: ot
oUs OV _
o o
ho wim OUy
Ueg =0; Ug =0 at =1;U =—
3 ¢=0atC S e o
5W1 Wim 8Wl
C= e T ©)

P=0atE=+1.
Here, it was assumed, where u; =uy,, Uy (&, 1), wy =wi, Wi (&, 1), where

Uim, Wim are the amplitudes of the longitudinal displacement and deflection of
the upper bearing layer.

In the considered formulation wuy,, / Wim = 1, and parameters hy / l<«1,
Wil / hy <1, ie., with the given parameters in (8) and (9), can be omitted, as a

result we have
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OP B 82U§ . a_P aUg aUQ

- = , =0 —+—=0; (10)
o og>  og & &
Us=0, Us=0at (=1 Ug =0, UC_aaW1 at £ =0; (11)
T
P-0atf=+1. (12)

Taking into account the comments made earlier, the stresses g, and g, in
the variables (8) are written as

— (pvwiy O)Z/hg) o0Ue /8C|€:0;
* 2 /1,3 (13)
Gzz =—p — (pvwiy, ol /ho)P|§:0-

Solving problem (11)—(13), we find that

_12”8W1d§d§+6( ) 1] andadg

-10

oUg @m 81/\/1
—= =6 dé — 3 dEdE ; 14
S| o] [0 s "

W0 (V)| _h oW
1 08\ & 1 ot

The solution of equations (1) is represented as

i mt)cos((2n+l)n§/2)

w (15)
= Y cos((2n+Dmg/2), k=1,2.

n=0

Substituting (15) into (14) and decomposing the pressure p’ in a series of
CoS ((Zn + 1)m& / 2) , we obtain

¢ oA L 2 * dRy M+l x
2z 3 P > cos =
n=0 hy | @n+)m" pvl Qun+1)m | dt

n 2n+1
o= — pvl6 2 dR] sin n nﬁ; (16)
n=0 h Cn+l)m | dt 2 l
® 2 n 2n+1
Ly 0z _Lho by 5o pvlZ ddRY o2nt] o x
2 ox 211, TR dt 2 !
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From expressions (16) it follows that %agzx /qu <1, ie., the term
X

I 04z in (1) can be neglected in compression with gz.. Then, substituting (15),

2 Ox
(16) in (1), and equating the terms in the resulting system with the same

trigonometric functions, we proceed to the system of ordinary differential
equations in time, which includes two homogeneous algebraic equations. Using

them, we will find a connection T', R} through T{", R{:
Iy = (Tl" (b2abay —baabo1 )+ R} (baabas — basbos ))/( bobas — basbsy );
Ry = (Tln (bazba1 — baobay )+ R (bazbas — baobus ))/( bybas — brabyz ).

Further, given that for harmonic  steady-state  oscillations
dle”/dt2 = — 0?R}, we finally get

bflTIn + bf3R{1 + ZKTI, de =0;
dR!  4(-1)"! (18)
by T" + bysR" + 2K, = "
AR it @n+on’
The following notation is introduced here:
A = bybyy — byaban;
bi1 = bi1 + bia (baabar — basba1 ) /A + by (basbay — byobar)/A;
bis =biz (basbas — basbaz ) /A+biz + by (bazbas —babas ) /A;
b3t = bs1 + bsy (b2abar — baaba1 )/ A+bsg (bisbay — baobar )/ As
b33 = b3z (baabys — basbs )/A+bs3 + by (bazbas — byzbus ) /A
12 2 T ! 2
2K, =12 &% oKl=6 22| —= |
b | @n+Dn W |@2n+ Dn
2 2
2n +1 2n +1
bii=a;+ay ( nzl WJ - ml(Dz; biy =—ay + as ( nzl nj - mscoz;

2
2n+1 2n+1 2n+1
bz = " —a, — 2dg | + 2ms0? |l
21 21 21
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b n+1 m+1 YV )
= T —a3 + a T — M7 5
4 Zl 3 7 2l 7

2
2n+1 5
by =—a; + as 5 T | — mg*;

2
2n +1 5
byy =a; + a9 5 T | — myo*;

p . 2nt] m+1 YV ,
= | d3z — a4 7T + M5 5
23 2[ 3 6 2Z 5

2n+1 n+1 Y ,
by = 5 7| ap +2a7 T | —2mym- |;

2 +1 m+1 Y ,
b31= 5y | a7 —2dg T| + 2ms 0 |;

m+1 [2n+1 T )
b32: | dip — de T| +ms® |;

) m+1 YV m+1 ) m+1 \ ,
=dg —a T +a TC —|m+m T ™
33 8 11 21 15 2[ 1 3 21
) m+1 YV m+1 \ m+1 \ ,
=—ag + a T —dad T — | Mg — T w~;
34 8 12 5 16 5] 3 — Mg 5]

2n+1 2n+12 )
by = T|—ag + ay —my ©° |;

-

21 21
2n + 1 n+1 Y ,
by = T | a9 +2a; T —2myo- |;
) m+1 V m+1 ) m+1 YV ,
=—ag + a TT —a TC — | mg—m T ™
43 8 12 2l 16 2[ 8 3 21
) m+1 Y m+1 ) m+1 Y ,
=dg —a TC +a T — | nmH + m T w-.
44 8 14 21 13 2l 2 4 2[
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From (18) we have

dR! [21@ ~ 21<}1}+Rn {b& _@} ey
dt | by b1 Yl b

“nennoy
bz, 2Kj dR}
b L by dt

Given the linearity (19) and representing R!' = R/® + RI', T} = T/ + T",

(19)

I =

where the superscript 0 corresponds to a static solution, we have

4(_1)1’1 +1 1

n0 _ -
! Po Cn+Dr dil,—
* . (20)
R L (QLLJ
bll ©=0 (21’1+1)TE bll dl ©=0
and for harmonic oscillations we find that
Cn+1mn /dIZ + d2o? on

e ACDT (b + Ko

n
1 - * *
2n+1mn \/dlzbuz n dfwzbuz
where d; = b3 — b3 bis/blys  d, =2K,— b312Kh /bis  tgy =—dyo/d;;
tg0 = 2K,11a)/bf3.

Taking into account (20) and (21) in (15), we obtain expressions for the
deflection and longitudinal displacement of the first bearing layer of the plate

N ox
eze etV Pm ezmt’

during its oscillations:

© 4(_1)n+1 1

w) =Dpo 2,

n=0(2n+1)75d_1

2n+1
21

COoS X +

o=0

+ p;nle((D; x) sin(of + (pwl);

© 41" (b
”1=POZ—( ) [bBiJ

Soen+ D)l b, d

(22)
2n +1

21

sin X +

ow=0
+ prl 11 (0, x) sin(ot +@y1).

Here

(o, x)=Ej + F§; Tla(o, x) =+/Af +B3;
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4(=1)"*! d, 2n + 1

cos
noo@n+1)n d} + die? 21

M8

Ep = TX;

o 4(-1)! od, 2n + 1

cos
mooCn+ 1) d? + d3e? 21

Fp TX;

A, = X
N

4(-1)" d, bi; 2Kio  d,o “in 2n +1
21 B by by dl+die? 2l

XS
n:0(2n+1)7't

4(-1)" d, 2Kjo bz dyo i 2n+1
d + d3e? by b d} + dao? 21

Qi =-arctg(Fy/Ep ), ¢u =arcig(B,/Ap).

The functions introduced into consideration IT,,;(®, x) and I1,;(®, x) are

the frequency-dependent distribution functions of the amplitudes of the
deflection and the longitudinal movement of the first bearing layer along the
channel. Note that using (17), we can write similar functions for deflection and
longitudinal movement of the second bearing layer of plate.

Conclusion. A mathematical model is proposed for modeling bending and
longitudinal vibrations of the channel wall as a three-layered plate possessing
compressible core and interacting with a pulsating layer of a viscous
incompressible fluid. The expressions for the elastic displacements of the layers of
the plate, which completely determine its intensely deformed state, are
determined. Frequency-dependent deflection amplitude distribution functions
are constructed IT,; (o, x) and longitudinal movement IT,; (®, x) the first

bearing layer, allowing to analyze the dynamic response of the channel wall. In
particular, these functions with a fixed value of the longitudinal coordinate
represent the amplitude-frequency characteristics of the corresponding cross-
section of the channel wall. It can be noted that the proposed functions allow us
to investigate hydroelastic vibrations of the channel wall and determine the
distribution of fluid pressure in the channel. For example, they can be used to
determine its resonant vibration frequencies and the corresponding amplitudes
of longitudinal displacements, deflections of the bearing layers of the plate and
pressure in the liquid. In addition, the developed model can be used for the
further development of methods for non-destructive monitoring of the state of
three-layered walls of channels filled with a pulsating viscous fluid. In particular,
if, with the well-known harmonic law of pressure pulsation at the ends of the
channel, in some fixed section, the amplitude-frequency characteristics of the

ISSN 0236-3933. Bectank MI'TY um. H.9. Baymana. Cep. IIpu6opocrpoenne. 2019. Ne 6 15



E.D. Grushenkova, L.I. Mogilevich, V.S. Popov, A.V. Khristoforova

deflection and longitudinal displacement of its second bearing layer are
experimentally determined, then using relation (17), we can recalculate the
characteristics the first bearing layer of the channel. Comparing the result
obtained with the previously known reference result, one can judge the state of
the channel wall. Thus, the developed mathematical model can be used both for
studying the dynamic response of three-layered channel walls, in various devices
and assemblies and for developing non-destructive testing technologies for three-
layered structural elements in contact with fluid layers in lubrication and
damping systems or cooling according to the parameters of forced oscillations of
their bearing layers.

Translated by K. Zykova
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